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In this paper, we describe one of the solutions of a nonlinear optimal control problem for a 
chemical reactor. A solution on finding a chemical reactor’s optimal temperature regime for 
having a maximum concentration of final product is presented. The optimal control has been 
found by immersion method for boundary value problem with a phase and control restrictions. 
This method is reducing the original boundary value problem to a special optimal control 
problem, using the general solution of the Fredholm integral equation of the first kind.  With 
this method's solution had been created a software for the problem calculations. Analysis of 
the method is presented. 
 
Keywords: Optimal control problem; Chemical reactor; Software; Boundary-value problem; 
Fredholm integral equation 
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1.    Introduction 
 
The framework of ways to find a solution nonlinear problem of optimal control has been 
investigated by Andersson et al. (2019). As a result of his work, nowadays there is a software 
that is using block structure or general sparsity exploiting sequential quadratic programming 
(SQP) or interfaces to IPOPT/BONMIN, Block SQP, WORHP, KNITRO, and SNOPT 
successfully, but the main problem with the software is that there are too many machine 
resources needed to find a solution for real practical problem. The reason for it is that building 
a good programming became a priority, instead of providing a good theoretical optimal control 
research. For instance, Jafari et al. (2016) presented a comparison between iterative methods 
for solving nonlinear optimal control problems, and proved that modern methods are pretty 
much equivalent, which means that they use similar iterative formula to obtain the 
approximate/analytical solution. So, our research has gotten stuck somewhere. There is an 
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optimization problem. Observation of numerical methods of optimal control was presented by 
Körkel (2004).  
 
A way of the problem’ solution in this paper is based on the immersion method by Aisagaliev 
and Nurmagambetov (2001), where main idea is to reduce the original boundary value problem 
to a special optimal control problem by the general solutions of a Fredholm integral equation 
of the first kind. As we can see here this way provides a better accuracy and convergence rate, 
relative to previously used methods of finding the optimal regime of a chemical reactor. As an 
example, we were using task for chemical reactor by Staib (1965), which was formalized as a 
general optimal control problem. Fedorenko (1978) had presented different approaches to solve 
the problem.  
 
Most interesting result is found in the work "Optimal control of a chemical reactor”, where the 
original problem was converted into a sequence of linearly constrained quadratic programming 
problems, which we can find in the Cambridge University Press by Wong and Lock (2009). 
 
2. Problem Statement  
 
The following notations are used throughout the manuscript: 
 
00 =t  - time corresponding to the start of a chemical reaction; 
T - contact reaction time (or the moment of completion of the reaction); 
t - time elapsed since the start of the reaction; 
)(tu  - value of the absolute temperature in the working area at a time; 
)(1 tx  - concentration of the starting substance (raw material) at a time; 
)(2 tx  - concentration of the intermediate product at a time; 
)(3 tx  - concentration of the final product at a time; and 
)(uK i  5,1=i , - intensities of the reactions, depending on the temperature (on the reaction 
scheme are indicated, 
1K , 2K , 3K , 4K , 5K   respectively). 
 











where Ci , 5,1=i  are the frequency coefficients, Ei , 5,1=i  - activation energies, R - gas 
constant, and T - temperature. The  
maxu  is a maximum possible temperature in the reactor, 
determined by the technological characteristics of the reactor, or the condition for the catalytic 
stability of the reaction. 
 
Following system of differential equations describes the mathematical model of reactor: 
 
 1 1 2 3 1( ) ( ) ( ) ,
dx
K u K u K u x
dt
= − + +  
2
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( ) ( ) , 0 .
dx
K u x K u x
dt
dx
K u x K u x t T
dt
= −
= −  
    (1) 
 
The objective of controlling a chemical reactor is to find the optimum reaction’s temperature 
and optimal contact time to give the greatest productivity of the chemical reactor. Therefore, 
we aim to find a maximum concentration of the final product. The cost function per unit time 
can be obtained by the expression: 
 




dttxtuKtxtuKTx .                            (2) 
 
3. The immersion method  
 
By the immersion principle, the differential equations governing the system for (1) during the 
period 0 ≤ 𝑡 ≤ 𝑇 are described as follows: 
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As we can see it above, the system (3) goes from the given initial condition into the final state. 
By implementing our immersion method, we modify the objective, so it becomes a task with 
the initial condition in a free ending state. 
 
It is necessary and sufficient to be represented in the following form: 
 
1 0 1 1
1 11 1
1 111
2 2 2 2 2 2
313 3
3 31 3
( ) ( ) ( , , ) ( ) ( )
1 1
( ) ( 1) ( )
( ) ( )1
1 1 1 1
( ) ( ) ( ) ( ) ,
( ) ( )
1 1
( ) ( )
t v t t x x N t z T
v t x z T
T Tv t z Tx
v t X z T v t X z T
T T T T
xv t z T
v t x z T
T T
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
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                                    (6) 
 
The vector 𝜈  is an arbitrary vector function. The function 
 
( ))(),(),()( 321 tztztztz = , ],0[ Tt   
 
is a solution of the system of differential equations:  
 
)(11 tvz = , )(22 tvz = , )(33 tvz = , ],0[ Tt , 
 









−− += , 
 
a solution of the system (3) - (5) with control (6) we can find by the following expression: 
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4.  An algorithm of the numerical solution 
 
The optimization problem (2) - (5) can be written as 
 





(𝑥11(𝑡) − 1) −
1
𝑇








































































} 𝑑𝑡 → 𝑖𝑛𝑓. 
If 
 
𝑧1̇ = 𝜈1(𝑡),  𝑧2̇ = 𝜈2(𝑡),  𝑧3̇ = 𝜈3(𝑡),                                                    (8) 
 
𝑧1(0) = 0, 𝑧2(0) = 0, 𝑧3(0) = 0,                                                        (9) 
 
𝜈1(∙) ∈ 𝐿2(𝐼, 𝑅
1), 𝜈2(∙) ∈ 𝐿2(𝐼, 𝑅
1), 𝜈3(∙) ∈ 𝐿2(𝐼, 𝑅
1),                     (10) 
 
  𝑥11 ∈ 𝑅
1, 𝑥31 ∈ 𝑅
1,                                                                            (11) 
 
     𝑤(∙) ∈ 𝑊 = {𝑤(∙) ∈ 𝐿2(𝐼, 𝑅
1)|0 ≤ 𝑤(𝑡) ≤ 1},                               (12) 
 
  𝑢(∙) ∈ 𝑈 = {𝑢(∙) ∈ 𝐿2(𝐼, 𝑅
1)|0 ≤ 𝑢(𝑡) ≤ 823}, 𝑡 ∈ [0, 𝑇].             (13) 
 
To find infimum of the functional (7) under conditions (8) - (13) we are using the project of 
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Minimizing sequences are constructed by the formulas: 
 
   
1 1 1
1 1 1 2 2 2 3 3 3
1 4 1 5
1
11 11 6
( ), ( ), ( ),
( ) , ( ) ,
( ), 0,1, 2, ....
n n n n n n
n n n n n n
n W n n n n U n n n
n n
n n
v v J v v J v v J
w P w J u P u J
x x J n
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  = − = − = −
 = − = −
= − =
      
 
5.  Numerical results and discussion 
 

















1 )(  , 5,1=i , 
 
where the frequency coefficients 
iC , 5,1=i . And activation energies iE , 5,1=i  have 
following values: 
 
1 2 3 4 5
1 2 3 4 5
1.02, 0.93, 0.386, 3.28, 0.084,
16000, 14000, 15000, 10000, 15000.
C C C C C
E E E E E
= = = = =
= = = = =
 
 
The universal gas constant is 9865.1=R . The maximum possible temperature in the working 
area of the reactor is 823max =u . We choose the value of the final moment in time as 1=T . 
The initial control is 673)(0 tu , ]1,0[t . There are the same conditions as well, as 
Fedorenko had made, so we may compare the effectiveness of calculation by the method via 
existed one. 
 
The results of calculations we see on the Table 1. The concentration of the final product at the 
time 1=T  has temperature: 0.356775)1(03 =x . As we can see, the same temperature was chosen. 
We set the accuracy of calculating the lower value of the functional as 510−= . The minimum 
values
3x  (the accuracy of calculating the maximum value of the final concentration of the 
final concentration )(3 Tx ) was 
5
min3 10
−=x . The grid step for the numerical solution of 
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differential equations was 410−=h . Hence, the numerical solution of the optimal control ( ),u t
)(tw , )(tvi , 3,1=i  are calculated as grid functions.  
 
Temperature regime function is showed on the Figure 1. The optimal control function is 
extremely high in the beginning of the process and goes down slowly by almost a half of the 
given time. Rest of the time the temperature remains very low. This approach is opposite to the 
constant temperature regime, which is being used by the industry. On the Figure 2, we may see 
a change in the concentration of the starting product over time at various temperature 
conditions. Changes of the concentration's intermediate product over time at various 
temperature conditions are showed on Figure 3.  
 
To comparing results on Table 1 we can see final product concentration is 0.356775, but on 
Table 2 the final product concentration is 0.435515. Thus, the optimal temperature regime for 
the operation of the reactor was found to obtain the maximum yield of the final product, which 
gives a better productivity to the industry. This software may help to save many resources and 
give more of final product, using a better solution of optimal control of the temperature regime 




As long as technical progress is developing, we are getting more complex problems of optimal 
control every day. In optimal control, the main problem is to find a global minimum for solving 
nonlinear problems. The existing methods do work, but for a guaranteed solution, many 
different conditions are imposed on the problem. So, the solution of optimal control is still 
open. This article is one of the approaches, according to the author, the most promising one. 
Because the condition of satisfying the Lipschitz inequality and the condition of piecewise 
continuity for the control function are imposed on the conditions of the problem. The 
effectiveness of this method has been proven in practice, which we see in this work. The 
resulting software for searching for the optimal temperature regime of a chemical reactor to 
obtain the maximum possible final product can be used in the chemical industry. This approach 
also effectively been applied by the author to solve other nonlinear optimal control problems 
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Figure 1. The function of optimal temperature regime   
 
 







 – optimum temperature regime 
 – initial temperature 
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 Figure 2. Concentration changes of the starting product over time  
 
  
 – change of the concentration of the starting 
product at optimum temperature   
 – change of the concentration of the starting 
product at initial temperature   
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 – concentration of the intermediate product at 
optimum temperature  
 –concentration of the intermediate product at initial 
temperature   
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Table 1. Characteristics of the reaction during time in the example 
 







































































































































































































































































1.00 673.0 0.048859 0.043706 0.356775 
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Table 2. Characteristics of the reaction with the optimal regime of temperature 
 
















































































































































































































































































1.00 609.7511 0.006117 0.012190 0.435515 
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